Members with varying geometrical and/or material properties are commonly used in many engineering applications. Stepped columns with internal axial loads constitute a special case of such nonuniform columns. Crane columns in industrial buildings or structural columns supporting intermediate floors are important applications of stepped members in civil engineering. Since neither axial load nor stiffness is constant along the column height, the stability analysis of a stepped column is usually more complicated than that of a uniform column. Determination of exact buckling loads for stepped columns with different end conditions is not always practical. This paper shows that variational iteration method (VIM), a kind of analytical technique recently proposed for solution of nonlinear differential equations, can satisfactorily be used to obtain approximate solutions for buckling loads of stepped columns with internal axial loads. VIM solutions perfectly match with the exact solutions available in the literature for some special cases of two-segment stepped columns. For many other cases, that is, for various values of three design parameters, namely, (i) load ratio, (ii) stiffness ratio, and (iii) length ratio, approximate buckling loads for two-segment stepped columns are determined using VIM and presented in tabular form which can easily be used by design engineers.
Introduction
Members with functionally graded material distribution and/ or varying cross-sectional dimensions are commonly used in many engineering applications since use of such elements in a structural/mechanical system may reduce the weight of the system considerably, which, in turn, leads to significant cost savings in design. In a geometrically nonuniform member, variation in cross sectional dimensions may be either continuous over the entire length of the member as in tapered members or may occur at discrete points as in stepped members. As an example, an economic design can be achieved in a steel gabled frame if tapered elements are used in the structural system [1] . On the other hand, crane columns commonly used in industrial buildings are frequently designed as stepped columns [2] . Heavy machinery or products moved using cranes, which travel over crane girders, are supported either by column brackets or by stepped columns. Besides the end load coming from the roof system, crane loads produce axial load at an interior point of the column. Stepped columns are also frequently used in multistory structures where columns have to support intermediate floor loads.
Since neither axial load nor stiffness is constant along the column height, the stability analysis of a stepped column is usually more complicated than that of a uniform column. After analyzing each segment of the column separately, the characteristic equation for the entire column has to be obtained using continuity conditions between each segment and boundary conditions at the column ends. In the simplest case, for a two-segment column, such an analysis requires the construction of an eight-by-eight matrix. Finding the smallest root of the resulting characteristic equation can sometimes be rather hard since the results are often very sensitive to the initial guess. Recent studies have already shown that variational iteration method (VIM), a kind of analytical technique proposed by He [3] for the solution of nonlinear differential equations, can satisfactorily be used to obtain approximate solutions for similar eigenvalue problems. Coşkun and Atay [4] , Atay and Coşkun [5] , and Okay et al. [6] analyzed the stability of columns with continuously varying stiffness along their lengths using VIM and showed that VIM can effectively be used in stability analysis of nonuniform columns. They also showed that it is much easier to determine the buckling loads of uniform columns, for which exact solutions are available in the literature, using VIM since the characteristic equations derived through VIM consist of polynomials. Similarly, Pinarbasi [7, 8] has recently applied VIM to lateral torsional buckling analysis of deep rectangular beams whose minor-axis flexural and torsional rigidities change continuously along their lengths and flexural buckling analysis of columns with elastic end restraints whose flexural rigidities vary continuously along their heights and verified that VIM can efficiently be used in these complex stability problems.
In this paper, this practical and powerful technique is applied to stability problems of stepped columns. Although only two-segment stepped columns, which are widely used as crane columns in industrial buildings, are studied, the technique can easily be applied to multisegment stepped columns by following the analysis steps described in the paper to each segment of a multi-segment column. VIM solutions are first compared to the exact solutions available in the literature for some special cases. After verifying the effectiveness of VIM in stability analysis of stepped columns, buckling loads of twosegment stepped columns with different load, stiffness, and length ratios are computed and tabulated using VIM.
Stability Analysis of Stepped Columns with
Internal Axial Loads 
where 1 is the displacement of Segment I in y direction. Equation (1) is valid for 2 ≤ ≤ . Differentiation of (1) with respect to x gives the shear force in Segment I at any section:
Further differentiation of (2) with respect to x yields the buckling equation for Segment I:
= 0, where
Similarly, from Figure 2 (d), the equilibrium equation at an arbitrary section in Segment II can be written as 
where 2 is the displacement of Segment II in y direction and is the displacement of point C, where internal axial load is applied. Equation (4) is valid for 0 ≤ ≤ 2 .
Differentiation of (4) with respect to x gives the shear force in Segment II at any section:
and further differentiation of (4) gives the buckling equation for Segment II:
One can easily show that the buckling equations given in (3) and (6) are applicable not only to the columns with clamped ends but also to those with other end conditions.
The solutions of the buckling equations given in (3) and (6), both of which are fourth-order homogeneous differential equations with constant coefficients require eight conditions to determine the resulting eight integration constants. The four of them are written from the continuity conditions where the internal axial load is applied. At this point ( =
(a) Undeformed shape [
The other four conditions come from the boundary conditions at the top and bottom ends of the column, which depend on the types of the end supports. For clampedclamped (C-C), clamped-pinned (C-P), clamped-free (C-F), and pinned-pinned (P-P) columns, these conditions can be written as C-C columns:
C-P columns:
C-F columns:
P-P columns:
For easier computations, the buckling equations in (3) and (6) can be written in nondimensional form as follows: where 1 = 1 / , 2 = 2 / , = / , and prime denotes differentiation with respect to . Similarly, the continuity and boundary conditions can be written in nondimensional form:
C-C columns:
VIM Formulation for the Studied Stability Problem
According to the variational iteration method (VIM), a general homogeneous nonlinear differential equation can be written in the following form:
where L is a linear operator and N is a nonlinear operator, and the "correction functional" is
In (14), ( ) is a general Lagrange multiplier that can be identified optimally via variational theory, is the nth approximate solution, and̃denotes a restricted variation; that is,̃= 0 [3] . As summarized in He et al. [9] , for a fourth-order differential equation such as the equations of the problem considered in this paper (9), ( ) equals to
The original variational iteration algorithm proposed by He [3] has the following iteration formula:
In a recent paper, He et al. [9] proposed two additional variational iteration algorithms for solving various types of differential equations. These algorithms can be expressed as follows:
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where i is the segment number and can take the values of one or two; = 1 when = 1, and = / when = 2.
In order to determine the most effective VIM algorithm to be used in the current study, for various values of problem variables (i.e., "load ratio" , "stiffness ratio" , and "length ratio" ), VIM results are obtained using all three iteration algorithms. Parallel to the findings of Pinarbasi [7] , all iteration algorithms yield exactly the same results for this special buckling problem. For this reason, considering its simplicity, the second iteration algorithms given in (18) are decided to be used throughout the study.
For particular values of , , and , VIM iterations are started with a third-degree polynomial for displacement function of each segment:
Thus, the problem contains eight unknown coefficients ( = 1-8) which are to be determined from continuity and end conditions. After conducting seventeen iterations, 1,17 and 2,17 are obtained. Substituting these approximate solutions to the continuity equations in (11) and to one set of the boundary conditions listed in (12) depending on the support conditions of the ends of the column, eight homogeneous equations are obtained. These equations can be put into the following matrix form:
where { } = { 1 2 3 4 5 6 7 8 } . Thus, the problem reduces to an eigenvalue problem. For a nontrivial solution, the determinant of the coefficient matrix has to be zero. The smallest possible real root of the characteristic equation, which is obtained by equating the determinant of the coefficient matrix to zero, gives the square root of the nondimensional buckling load ( = 1 = √ 1 2 / 1 ) in the first buckling mode. 
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Comparison of VIM Results with Exact Results for Some Special Cases Available in the Literature
Timoshenko and Gere [10] solved this buckling problem for a bar with hinged ends, that is, a P-P column. They derived the following characteristic equation for this particular case:
where
In terms of , , , and , (21) can be reformulated as follows:
Exact values computed from (23) are compared with the approximate VIM results in Table 1 , which shows perfect match.
Exact solutions are also available for uniform columns. Assuming that the flexural stiffness of the column remains constant along its entire length (i.e., assuming = 1), Wang et al. [11] derived the characteristic equations for the studied buckling problem and obtained exact results for various end conditions and different values of m and s. For the same boundary conditions and m, s values, normalized buckling loads ( ) are also computed using VIM. VIM results, as well as the exact results, are presented in Table 2 .
Comparison of the results presented in Table 2 indicates good agreement between VIM results and the exact results.
VIM Solutions for Various Load, Stiffness, and Length Ratios
After verifying the effectiveness of VIM in stability analysis of stepped columns, buckling loads of two-segment stepped columns with different load ( ), stiffness ( ), and length ( ) ratios are computed using VIM, and the results are tabulated in Table 3 . These results can directly be used by design engineers who design two-segment stepped columns. For C-F and C-C columns, VIM solutions are also plotted in Figures  3 and 4 in a comparative way. It is worth noting that among the columns with the studied five sets of end conditions, C-F columns are those that have the smallest buckling loads, and C-C columns are those with the largest capacities. axial load increases, that is, as increases, and/or as the application point of the internal axial load moves towards the top end of the column, that is, as s increases. However, as it can be seen from Figures 3(b)-3(d) and Figures 4(b)-4(d) , by increasing the stiffness of the lower segment of the column, that is, by increasing , the load that can be carried by the column prior to buckling may be increased significantly. In other words, buckling load of a column can be increased by designing it as a nonuniform column. The effect of on is more apparent when is close to unity.
Conclusions
Structural and mechanical members have traditionally been designed to have constant stiffness along their lengths. The design of such members is usually straightforward since there are thoroughly studied and well-developed guidelines in design specifications for such uniform members. In an attempt to achieve economic designs, more and more engineers recently design nonuniform members with functionally graded material distribution and/or varying cross-sectional dimensions. However, there are very few studies in the literature on behavior and failure mechanisms of nonuniform members under different loading conditions since the analysis of nonuniform members requires the solution of more complex problems. It is usually very hard and/or impractical to obtain exact solutions to these problems due to the complex differential equations derived in the analyses. Recently developed analytical techniques for solution of nonlinear differential equations, such as variational iteration method (VIM), however, can satisfactorily be used to solve such complex problems.
In this study, buckling analysis of two-segment stepped columns with different flexural stiffness at each segment are conducted using VIM, and buckling loads for this special type of nonuniform columns are tabulated for various values of stiffness, load, and length ratios. The tabulated values can directly be used by design engineers who use such members in their structural/mechanical system. VIM results are also compared with the exact results available in the literature for some special cases to verify the efficiency of the technique to analyze this special stability problem.
